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Abstract 

In this paper we obtain density estimates for compact surfaces im- 
mersed in with total boundary curvature less than 47r and with suffi- 
ciently small norm of the mean curvature, p > 2. Our results generalize 
the main results in [2]. We then apply our estimates to discuss the geom- 
etry and topology of such surfaces. 

1 Introduction 

In [2], Ekholm, White and Wienholtz proved some density estimates to show 
that a classical minimal surface immersed in with total boundary curvature 
at most 4:71 is embedded up to and including the boundary. Their results were later 
generalized by Choe and Gulliver to minimal surfaces in Riemannian manifolds 
with sectional curvatures bounded above by a non-positive constant [1]. 

In this paper we show that the density estimates in [2] hold for compact 
surfaces immersed in MJ^ with total boundary curvature less than Att and with 
sufficiently small norm of the mean curvature, p > 2. In particular, it follows 
that such surfaces are also embedded up to and including the boundary. 

In Section 4 we prove that when n = 3, if the C"'"" seminorm of the mean 
curvature is bounded, then \A\ is bounded. We use this result to give a uniform 
upper bound for the genus of such surfaces. See [5] for the minimal case. 

2 Extended monotonicity formula 

We begin this section by introducing the notations and definitions that we will 
use in the rest of the article. 
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Definition 2.1. Let M be a smooth surface. Then by a branched immersion of 
M into M" we mean a map 

M : M -> 

such that for any p E M there exists a neighborhood U of p such that either 
(i) u\u is an immersion, i.e. the matrix [Du{p)] has rank 2, or 

(a) u has a branch point atp, i.e. there exists an integer m > 2 such that under 
a diffeomorphism of M and a rotation of M" 

U\u = {Z"", f{z)) eCx ^ 

for some / : C — )■ M"~^, where we identify (x, y) with z = x + iy ^ C 

From now on we let M be a compact smooth surface with smooth boundary 
r and we consider a branched immersion of M into 

M : M M" 

such that 

u\r is 1 — 1. 

Hence for any p G M, either (i) or (ii) of Definition 2.1 holds. 

Abusing the notation, we will call the image of the surface and that of its 
boundary, under the map u, M and F as well. We let Br{x) denote the n- 
dimensional ball of radius r centered at x and for a ball of a different dimension 
we use an exponent to indicate the dimension. 

In what follows we review some facts about the density of a surface, see for 
example [4]. 

Definition 2.2. The density function is 

e : M" ^ M 

e M,x = lim ^ ^ ^ ^\ 

r— 5>o vrr 

where the area is defined using the area formula (cf. [4, §5/ ), i.e. letting A = 
u-\Br{x)) C M 

Area(M n = [ H^u-^y) r\ A)d'H^{y) = [ JudU^. 

Here Ju is the Jacobian of u 

Ju{z) = ^y det{duz)* o (duz) 
with duz : TzM — )■ being the induced linear map. 
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Remark 2.3. The above definition along with the fact that u\r is 1-1, implies 

• e(M, x) G N \ {0} when x e M \T (Interior), 

• 9(M, x) + i G N \ {0} when x G T (Boundary). 

In particular, we have that M is embedded around a point x E M if and only if 

• 6(M, x) = 1 (namely < 2) when x G Af \ F (Interior), 

• 6(M, x) = I (namely < |j when x G F (Boundary). 
We now recall the definition of the mean curvature vector. 

Definition 2.4. Let M be a branched immersion. Let H be a normal vector field 

H : M ^ W 

that is locally integrable. We say that M has mean curvature vector H , if 

div M XdA = I X-HdA 

M J M 

for every vector field X with compact support in \ F. 

Remark 2.5. Note that even if the mean curvature vector exists, in general it is 
not true that 

I divM XdA = [ X ■ HdA + [ X ■ UMds (1) 
Jm J m Jr 

for every vector field X in M" , where vm here is the outward pointing normal 

to the boundary (tangent to M) and the integral over F is with respect to the 

one- dimensional Hausdorff measure. 

However, if M is a branched immersion having H G L'p{M) for some p > 2 

and F is C^'" for some a G (0, 1], then equation (1) holds. This is because then the 

immersion u is C^'^ up to and including the boundary, where /3 = min{a, 1—n/p} 

(cf [3, 8.36]). 

Let M be a branched immersion such that equation (1) holds, meaning that 
M has mean curvature vector H and equation (1) holds. Let vm be the outward 
pointing unit normal to (9M, and for Xq G and r > let B{r) = Bj.{xo). 
Then arguing as in the case when dM = (cf. [4, §17]) and keeping track of the 
boundary term in equation (1) we have the following monotonicity formula with 
a boundary term. 



/Area(Mnfi(r))\ _ d f 
V r"^ ) dr Jj^i 



d fArea{Mr]B{r))\_ d I jD^p 

'AlnBir) r 



-dA 



dr \ r2 J dr J MnB{r) 

(x - xo) ■ HdA - / (x - xq) ■ VKidV} 

JMnBlr) JdMnB(r) 



where p = p{x) = \x — Xo\. 

For xq G let E be the exterior cone over F with vertex xq, i.e. 

E = {xq + t{x — Xq) : X G F, t > 1}, 

M' = MUE and define 

Area(M' nS(r)) 



By use of the standard monotonicity formula (2), in [2] it is proven that 
when H = 0, m{r) is a non decreasing function of r. Here we show that m(r) 
still satisfies a monotonicity property even when the surface is not necessarily 
minimal. 

Using equation (2) with M replaced by E, gives 

d /Area(En5(r))\ . f , , 

-r\ —]=-'' {x - Xo) ■ i^Edn', 

"'"V ^ / JdEnB(r) 



dr \ 

since D-^p = on E and 

{x-xo)-H = Wx eE. 

Hence: 



m'{r) 

dr 



d /Area(MnS(r))\ d / Area^E n B{r))\ 
ir \ J dr \ / 

T- / ^^^rf^ + / (x - Xo) ■ HdA (3) 

"'^ JMnBir) P JMnBir) 

/ (x — Xo) ■ VhidV} — r~^ j (x — Xo) ■ VEdV}. 



' Mr]B{r) P JMnBir) 
-3 

J(r) JrnB(r) 
Furthermore, for x G F, we have that 

(x — Xo) ■ {—i^e) = niax{(x — Xo) ■ u : u E N^T} 
where iV^-F is the normal space to F at x, thus 

(x - Xq) ■ {ue + I'm) < 0. 
Hence equation (3) gives the extended monotonicity formula 



d f l-D p| f 
m'{r)>— I P-dA + r~^ {x - xq) ■ HdA 

dr JMnBir) P JMnBir) 

> r"-^ / (x - Xo) ■ HdA. 

JMnBM 



lMnB{r) 

We now introduce another definition. 



(4) 
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Definition 2.6. A branched immersion M satisfies the property (P) if M has 
mean curvature vector H and there exist a G (0, 1] and a constant A > such 
that 

I \H\dA < aAr"+^m(r), Vr > 0. (P) 

JMnBir) 

Lemma 2.7. Let M be a branched immersion such that equation (1) holds and 
satisfying the property (P), then e^^"m{r) is an increasing function ofr, that is 

e^''"m(r) - e^''"m{a) > 0, for < a < r < oo. (5) 

Proof. The inequality in (4) gives 

m'(r) > -r"^ / \H\dA > -aAr''~^m{r) =^ 

JMnBir) 

4- (e^'-"m(r)) > 
dr ^ ' 

Integrating this from cr to r proves the lemma. □ 

We would like to compare limr_j.o m(r), which gives the density of M at xq with 
lim^^oo m(r), which we will later see can be estimated using the total curvature 
of the boundary F. However, the previous lemma is not helpful when r is going 
to infinity. Thus, we have to find a more efficient way to compare the ratios for 
large r. 

Let ro = 'ro(M) denote the extrinsic diameter of M, that is 

ro(M) = max \x — y\. 

x,y&M 

Recall that we always assume that M is compact and thus ro < cxd. 

Lemma 2.8. Let M be a branched immersion such that equation (1) holds and 
satisfying the property (P), then for any r > Tq: 

m{r) > m(ro) (l - ^ f 1 " 41 V (6) 



r 



Proof. Integrating the inequality in (4) from ro to r we have (using integration 
by parts) 

m(r) - m(ro) >i / {x - Xq) ■ H ( \ - \] dA 



I I (x-Xo)-H [---]dA 

> - ^aAr2+°m(ro) , , ^ 
2 V rQ r^ 



□ 
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3 Density Esimates and Embeddedness 

We now state and prove our main density estimate. 

Theorem 3.1. Let M be a branched immersion in M" such that equation (1) 
holds and satisfying the property (P). Then, for Xq G 

e(Cone.„ r, xo) > e"^^" (l - ^] Q{M, xo) (7) 



Proof. Let E be the exterior cone over F with vertex xq, M' = M U E and 
m(r) = Area(M' fl B{r))/r^, as before. Then by the extended monotonicity 
formula (Lemmas 2.7, 2.8) we get ioT r < tq < R 



rniR) > Mn) (l - ^ (l - I)) > a-M--^.-. (l _ ^ (l - | 



Letting r — )■ and i? — )■ oo we get 
7r6(Cone2;(, r, Xo) = hm m{R) 

> e-'^-o (^i _ hmm(r) = e^^'^o (^1 - 7re(M,Xo) 

We note that, as in [2], in the case when xq € F, 

hm m(r) = 7r0(M, xq) 

1 — >-0 

because 

N Area(EnS(r)) 
hm m(r) = vrOfM, xq) + hm ^ — 

and the last term is 0, since F is C^. □ 

Remark 3.2. // in the inequality (8) in the proof of Theorem 3.1, we only let 
R oo we get the following more general conclusion about the area ratios: 

l--^jm(r), Vr <ro. (9) 

The following theorem is a result from [2] that compares the density of the 
cone with the total curvature of F for points that are not in F. 

Theorem 3.3. Let T be a closed curve in M" and Xq ^ F. Then 

Length Fla-gF < TotalCurvature F 

where 

-n / \ , X — Xo 



\X — Xq I 



6 



The theorem equivalently states the following: For the cone Cone^jg F = {xq + 
t{x — Xq) : X G F, < t < 1}, since the ratios 

Area(Cone^„F n5(r)) _ Length (Cone^^ F n c)fi(r)) _ Length H^^F 
Trr^ 27rr 27r 

are constant, we have 

Area(Cone^„Fn5(r)) 
Q{Cone^o F, xq) = hm 

Length n^(jF ^ TotalCurvature F 
~ 27r ~ 27T ■ 

Using Theorems 3.3 and Theorem 3.1 gives embeddedness at interior points. 

Corollary 3.4. Let T be a closed curve in with total curvature at most 
(4 — e)7i, e G (0, 2]. Let M be a branched immersion in with boundary F such 
that equation (1) holds. If H E L'p{M) for some p G (2, oo] then there exists 
6 = 6{e) G (0, 1) such that if 

C{p)\\H\\LPiM)r^ < 6 

then the interior of M is embedded. Here C{p) = 1 and a = 1 if p = oo and 
C{P) = ^ (f )'^' anda = l- 2/p tf p G (2, oo). 

Proof. Let xq G M. Since 5 is less than one, then M satisfies the property (P) 
with A = C(p) 1 1 if 1 1 LP (A/) and a = 1 — 2/p, see Lemma 5.1 and Corollary 5.3 in 
the Appendix. Combining Theorems 3.3 and Theorem 3.1 we get that 

, ^ €^''0 ^ ^ ^ TotalCurvature F 
^iM,Xo) < -^^e(Cone.„F,a;o) < — ^ . 

i — i 2 

The corollary then holds, provided that: 

j^(4-.)<2 (11) 

since this estimate implies that 

e{M,xo) < 2 

(cf. Remark 2.3). □ 

In order to obtain embeddedness at boundary points we need to recall another 
result in [2]. 
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Theorem 3.5. Let T be a simple closed curve in M" with finite total curvature 
and xq G r. Then 

Length rij-pr < TotalCurvature F — tt ~ 6 

where 



\X — Xo\ 



and 9 is the exterior angle to T at xq. 



Corollary 3.6. Let T be a closed curve in M" with total curvature at most 
(4 — e)7r, e G (0, 2]. Let M be a branched immersion in R" with boundary T and 
such that equation (1) holds. If H & Lp{M) for some p G (2, oo] then there exists 
5 = 5{e) e (0, 1) such that if 



C{p)\\H\\L,^M)r^<S 
then M is embedded up to and including the boundary. Here C{p) = 1 and a = 1 

_2p_ 

p-2 



if p = oo and C{p) = (^) and a = 1 — 2/p if p G {2, oo) 



Proof. By Corollary 3.4, it suffices to prove that if 6 is sufficiently small, then 
M is embedded at boundary points. Let xo G F, then using Theorems 3.5 (with 
9 = 11, since F is C^) and Theorem 3.1 we get 

N e^''° ^ X e^''° /TotalCurvature F l\ 
e(M,xo) < --^e(Cone.,F,xo) < -^—^ -J . 

Therefore the corollary holds, provided that e is small enough to satisfy the 
following 

since this estimate implies that 

e(M,xo)<^ 

(cf. Remark 2.3). □ 

As in [2], our results extend to the case when the boundary F is piecewise C^. 
In particular the extended monotonicity formula (4) and thus Theorems 3.1, 3.4 
and 3.6 hold with the condition on the boundary F replaced by the weaker 
condition of being piecewise C^. 
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Theorem 3.7. Let T be a closed curve in with total curvature at most 
(4 — e)7i, e G (0, 2]. Let M be a branched immersion in M" with boundary T and 
such that equation (1) holds. If H & LP^M) for some p G (2, oo] then there exists 
5 = S{e) G (0, 1) such that if 

C{p)\\H\\LnM)r^ <6 

then the following holds. 

1. If xo is a point on V with exterior angle 9, then the density 9(M, xq) is 
either ^ + 77- or ^ — ^ 

Z ZTV Z ZTV 

2. If Xq is a cusp (9 = tx) then 0(M, Xq) = 0, unless T lies in a plane 

3. M is embedded up to and including the boundary. 

Here C{p) = 1 and a = 1 if p = 00 and C{p) = {^Y^^ (^'^d, a = 1 — 2/ p if 
p G (2,00). 

We skip the proof since it is identical with that of the minimal case (cf. [2, 
Theorem 4.1]) with the difference that instead of Theorem 1.3 in [2] we have to 
use Theorem 3.1 here. 

We note that in all of the previous results, the proofs provide a specific value 
for S = 6{e). 

4 Applications 

When n = 3, using the density estimates we can prove a curvature estimate which 
is a generalization of Theorem 0.1 in [5]. 

We begin by introducing a few definitions. 

Definition 4.1. Let T C M" be a simple closed C^'" curve, i.e for each x E T 
there exists an r = r{x) > such that 

M n Br{x) = graph fl Br{x), 

where u,^ G C'^'"{{x + L^)nBr{x); L^) for some 1- dimensional subspace o/M" 

and where graph Mj- = {C, + u^i^^) : C, G (x + L^) fl Br{x)}. 

Let 

hi(T,r,x) = inf ||'Ua::||2,Q,,(a;+L^)nB^(2;) 
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+ r^"*"" sup 



where the infimum is taken over all choices of subspaces L^. and corresponding 
representing functions and where for a C^'" function u : (— r, r) — >■ M*^"^, 
Il'"ll2 Q (-rr) denotes the scale invariant C'^''^ norm ofu, i.e. 

\\A*2,a,{-r,T) = - sup \u{y)\ + sup \Du{y)\ + r sup \D'^u{y)\ 

^ r,r) J/G(— ^i'') yS(— r,r) 

\D^u{y) - D^u{z)\ 

The quantity K,{r,r,x) is a way to quantify the regularity ofT around x. 

Definition 4.2. Let T C M" be a C^'° simple closed curve. For each x let 

p{x) = sup{r : K(T,r,x) < 1}. 

Finally we define p = p(T) by 

p(r) = min{p(a;) : x G F}. 

Note that for each x G r,p(x) > and hence p{r) > 0. 

In particular, for any x G F, i?p(r)(x) fl F can be written as a graph with 
gradient less than one. Note that if p(F) = oo then F is a straight line. This is 
because 

r\D\{x)\ < 1, Vr =^ \D\{x)\ = 0, 

Definition 4.3. Given e G (0, 2] , a G (0, 1] we say that (F, M) are in the P{e, a) 
class, if the following hold: 

(i) T is a simple, closed C^'°' curve in with total curvature at most (4 — e)7r. 
(zz) dM = F. 

(Hi) M is a branched immersion having mean curvature H G L'p{M), where 
p = 2/{l-a). 

(iv) Ktq < 5, where rg = 'ro(M) the diameter of M and 

- Ifa = l^p = oo,A = \\H\\l^^m) 

- Ifae{0,l)^pe (2, oo), A = ^ (f)'/^ ||^||l.(a/) 
and 6 = 6{e) G (0, 1) is such that 

4 

< . 



1-6 
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Note that if (F, M) G P{e,a), then equation (1) holds (see Remark 2.5), M 
satisfies the property (P) and Theorems 3.1, 3.4, 3.6 hold, so that M is embedded 
and C^'" up to and including the boundary. Finally the area ratio bounds given 
in Remark 3.2 hold. 

Theorem 4.4. Given A > 0, 7 > and a G (0, 1] there exists a constant 
C = C(A,7,a) such that the following holds. 

Let T be a C^-" dosed curve in M and let M be an orientable branched im- 
mersion in with boundary F. // (F, M) G P{e, a), for some e G (0, 2], and, in 
addition, p(F)/ro > 7 and the mean curvature H of M is in C^'^'iM) satisfying 
ro+"[if]co,c(M) < A, then 

sup ro|A| < C, 

M 

where \ A\ is the norm of the second fundamental form. 

In the above theorem [H]co,a(^M), denotes the a-seminorm of H, i.e. 

rm \H{x)-H{y)\ 
[H\co,c,(^M) = sup — — . 

Proof. The hypotheses on F and H along with standard PDE estimates {W'^'^ 
estimates, cf. [3, Theorem 9.15] and the Schauder estimates) imply that M is 

up to and including the boundary (in particular M in C^'^ for any (5 < a). 
This implies that for a given surface, \A\ is bounded. With this theorem we are 
showing that the bound does not depend on the surface but only on A, a and 7. 

Arguing by contradiction, suppose that the statement is false. Then we can 
find a sequence of C^'" connected simple closed curves F„ C M.^ with total curva- 
ture at most (4 — £n)7r, G (0, 2], and surfaces M„ with diameter ro(M„) = n 
and mean curvature Hn G C°'"(M„) such that the following hold. The pairs 
(Tn,Mn) G P{e,a), in particular dMn = F„ and A„rQ„ < 6{en) < 1. Here A„, 
6{en) are the corresponding A and 6 as in Definition 4.3. Moreover p(F„)/ro,n > 7, 
rQ'^"'[Hn]co,''{Mn) — A and there exists Pn G M„ such that 

ro,n\An{Pn)\ = ro.„max|v4„| > n. 

We consider the sequence of surfaces = '>]pu,\MPn)\i-^ri) (where r]x,\{y) = 
\{y — x) that is a rescaling and a translation). Note that for these new surfaces 
we have the following: Their second fundamental forms are uniformly bounded, 
namely 

SUp|y4^| < |A„(p„)|"Sup |y4„| = 1 

and their mean curvatures satisfy 

[<]0,a = |A„(p„)r^'+"^[^n]0,a < A(ro,n|A„(p„)|)-(^+") ^ 
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and 



WKhviM^) = (\A^{pX\ro^y~2/p \\^r^\\LHM„) < 5(£n)(ro,„|A„(p„,)r" ^ 0. 

A standard compactness argument, using Schauder estimates, shows that a 
subsequence of converges to an orientable properly embedded minimal 
surface M such that 

(i) if dist MnO^ , Pn)\An\ — oo, then M is complete, or 

(ii) if distA/„(r,p„)|/l„| is bounded, then M has a boundary B. 

Moreover if case (ii) holds then i? is a straight line, since for = (9Af^ we have 
that 

p(T'J = \An{Pn)\p(Xn) > 7 1 -^n (Pn) ^O.n OO. 

Using the area estimates derived in Theorem 3.1 (see also Remark 3.2) we 
can take the cone at infinity of M and arguing exactly as in [5, Theorem 0.1] 
we can conclude that M is either a^lane or a half-plane. However, the norm 
of^the second fundamental form of M has value one at the origin, in particular 
M is neither a plane nor a half-plane. This gives a contradiction and proves the 
estimate. □ 

In the following lemma the dimension n, of the ambient space M", need not 
be equal to 3. 

Lemma 4.5. Given A > there exists a constant N = N{A) such that the fol- 
lowing holds. If (r, M) G P{e, a) and M is up to and including the boundary 
with To supj|/j l^l < A, then M has genus less than N. 

Proof. The Gauss-Bonnet Theorem states that 

[ k-VMds+ I Km = 2ttx{M), 
Jr J M 

where k is the curvature vector of the curve F, vm is the exterior normal of M, 
Km the Gauss curvature and x{^) is the Euler characteristic of M. The first 
integral is bounded in absolute value by the total curvature of F. By the Gauss 
equation, the second integral can be bounded as follows. 
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Note that \H\^ < 2\A\'^. Using the assumption on \A\ and Theorem 3.1, in 
particular Remark 3.2 we get 



2 



[ \H\'+\A\'<^ [ \A\'< A\'m{ro)rl 

Jm ^ JMnBiro) 



'MnB(ro) 

3 A^vr ^ , 3A27r 4-e 

- 2 73^^ "° '"^°^ - 2-a(5 2 - ■ 

2 

Hence |x(M)| is bounded and so is the genus. Note that a6 < 1 and e < 2. □ 

Corollary 4.6. Given A > 0, 7 > anc? a G (0, 1] there exists a constant 
N = N{\, 7, a) such that the following holds. 

Let T be a C^'" closed curve in M and let M be an orientable branched im- 
mersion in M.^ with boundary T. If (F, M) e P{e, a), for some e G (0, 2], and, in 
addition, p{T)/rQ > 7 and the mean curvature H of M is in C°'°(M) satisfying 
rg'''"[if]co.Q(jv/) ^ -^j then M has genus less than N. 

5 Appendix 

In this appendix we show that if if G Lp{M), p > 2, and ||//||Lp(Af) is sufficiently 
small, then M satisfies the property (P), see [4]. 

Lemma 5.1. If H & L°°{M), then setting ||ii||oo = ||-f^||L°°(A/) we have for any 
r > 0: 

/ \H\dA < \\H\\^ Area(M n B{r)) < \\H\\^m{r)r^ 

J Mr\B{r) 

SO H satisfies (P) with a = 1, A = ||iir||oo- 

Assume now that H G U'{M) for some p G (2, 00). 
Lemma 5.2. If H E L^(M), with p > 2, then for any < a < r < 00 

m{ay/P < m{ry/P + (r^-^/p _ (13) 

p — 2 

where \\H\\p = \\H\\lp(^m)- 

If we also assume that xq G M and 

P — 2 /"K\^/P 

~2r \2. 

then 



I IIP - 2 V: 
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Proof. By using Holder inequality in the second inequality in (4), gives 
m'(r) > -r^2 / \H\dA > -\\H\\pr~^/Pm{rY-^/P ^ 

JMnBir) 

^dr ^ ^ ^ ^ - " dr^ ^ ' ' - 'p-2dr 

Integrating from a to r implies (13). 

If Xo G M, we have that 

lim m(r) = 7re(x,M') > 7r/2. 

r->-0 

If Xo G M \ r then actually 6(xo,M') > 1. Hence, letting cr — )■ in (13) and 
using the assumption on \\H\\p we get that 



i/p \\H\\y-^l'P ^ /7r\i/p 1 f^Y^P y 1 /7r\i/p 



p-2 - \2J 2 \2/ - 2\2 



□ 



Corollary 5.3. If H e Lp{M), with p > 2 and 
then for any r > 



iP'o - 2 V2 



[ \H\dA <\\H\\pATea{M n B{r)Y'^/P < \\H\\y-^/Pm{r)m{ 

JMnBr 



r] 



2\ 

<2f-j \\H\\pr^~^/Pm{r) 



and thus H satisfies (P) with a = 1 — 2/p and 

i/p 

p — 2 \tx 
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